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Abstract
Let F be a finite field and T a transcendental element over F. In this paper, we construct, for
integers m and n relatively prime to the characteristic of F(T ), infinitely many imaginary function
fields K of degree m over F(T ) whose class groups contain subgroups isomorphic to (Z/nZ)m . This
increases the previous rank of m − 1 found by the authors in [Y. Lee, A. Pacelli, Class groups of
imaginary function fields: The inert case, Proc. Amer. Math. Soc. 133 (2005) 2883–2889].
c© 2005 Elsevier B.V. All rights reserved.
MSC: primary 11R29; secondary 11R58
1. Introduction
Determining the structure of the class group of a number field or function field is a
long standing problem in number theory. Many basic questions remain open. In 1922,
Nagell [7] proved that for a given integer n, infinitely many imaginary quadratic number
fields have class number divisible by n. Yamamoto [12] proved the corresponding result
for real quadratic number fields in 1969, and Friesen [2] proved the function field analogue
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in 1992. In fact, given any integers m and n, infinitely many number fields and function
fields of fixed degree m have class number divisible by n and therefore have class groups
containing subgroups isomorphic to Z/nZ. A natural question to consider, then, is the rank
of Z/nZ in the class group.
Azuhata and Ichimura [1] showed in 1984 that for any integers m and n, infinitely many
number fields K of degreem overQ have class groups containing subgroups isomorphic to
(Z/nZ)r2 where r2 > 0 is half the number of complex embeddings of K intoC. Nakano [8]
extended this result a year later, increasing the rank from r2 to r2+1. Although the increase
in rank is quite small, the techniques required for the proof are much more delicate than
in [1]. In 1988, Ichimura [4] provided a partial function field analogue to these results for
the special case that m is prime. In this case, the size of the subgroup constructed depends
on the factorization of Xm−1 in F[X ]. In 2004, the second author [9] proved more general
function field analogues of these results for the cases where the prime at infinity splits
completely (rank 1) or is totally ramified (rank m−1). The case in which the infinite prime
is inert was proved by the authors in [6] (also rank m−1). Most recently, the second author
extended these results, illustrating the close connection between the unit rank of a function
field and the rank of the subgroup of the class group. Specifically, it is shown in [10] that
if m and n are any positive integers, not divisible by the characteristic of F(T ), and g is an
integer with 2 ≤ g ≤ m − 1, then there are infinitely many function fields K of degree m
such that the prime at infinity in k splits into exactly g primes in K , and the class group of
K contains an abelian subgroup isomorphic to (Z/nZ)m−g . It should be noted that in all
these constructions, the constant field is fixed.
In [6], we proved that there are infinitely many function fields of degree m in which the
prime at infinity is inert and the rank of the class group is at least m − 1. In this paper, we
increase that rank to m by modifying techniques used by Nakano [8] and the authors in [6]
and [9].
Let q be a power of an odd prime, and let F be the field with q elements. Let k be the
rational function field, and fix a transcendental element T of k so that k = F(T ). If K is
an extension of k, then denote by OK the integral closure of F[T ] in K . We write ClK to
denote the ideal class group of OK . The main result is as follows.
Theorem 1. Let q be a power of an odd prime, F the finite field with q elements, and ζ a
primitive (q−1)st root of unity in F. Let m and n be any relatively prime positive integers,
not divisible by the characteristic of F, such that (n, q−1) = 1, (q, 2mn) = 1, Pi | (q−1)
for all primes Pi dividing m, and (−ζ/2)
q−1
g = 1 in F, where g = (m, q − 1). Suppose
that q ≡ 1(mod 8) if 4 | m. Then there exist infinitely many function fields K of degree m
over k = F(T ) such that
(1) the prime at infinity is inert in K , and
(2) ClK contains an abelian subgroup isomorphic to (Z/nZ)m .
Notice that infinitely many triples (q, n,m) satisfy the conditions of Theorem 1. For
instance, if q is one of the infinitely many primes satisfying q ≡ 1(mod 8m) and
q ≡ 2(mod n), and 2 is a primitive root mod q, then (q, n,m) satisfies the conditions
of Theorem 1 under the assumption of the generalized Riemann hypothesis.
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To prove the theorem, we construct as in [6,9], and [10] a polynomial
f (X) =
m−1∏
i=0
(X − Bi )+ Dn,
where B0, . . . , Bm−1 and D are certain polynomials in F[T ]. If θ is a root of f (X), then
K = k(θ) satisfies the conditions of the theorem.
2. Preliminaries
Let L be the set of all prime divisors of n, and define n0 = ∏l∈L l. Let m0 be
the least common multiple of the orders of all roots of unity contained in any function
field of degree m. For an element r in F[T ], let |r | = qdeg(r). Given polynomials
B0, . . . , Bm−1, D ∈ F[T ], define
f (X) =
m−1∏
i=0
(X − Bi )+ Dn,
and let θ be a root. Let K = k(θ), and let E and W denote, respectively, the group of
units and the group of roots of unity in the field K . The next two lemmas and proposition
show that with an appropriate choice of B0, . . . , Bm−1, and D, the field K satisfies the
conditions of Theorem 1.
Lemma 2. Suppose there exist monic, irreducible polynomials p1, . . . , pm−1 and s with
|s| ≡ 1 mod (m0n0) and polynomials B1, . . . , Bm−1, A,C, and D in F[T ] such that for
each l ∈ L
(1) f (0) ≡ 0 (mod p1 · · · pm−1s),
(2) ( f ′(0), p1 · · · pm−1s) = 1,
(3)
(
Bi
pi
)
l
6= 1,
(
Bi
p j
)
l
= 1 for i 6= j , 1 ≤ i ≤ m − 1, 1 ≤ j ≤ m − 1, and
(4)
(
Bi
s
)
l
= 1, ( As )l 6= 1 for 1 ≤ i ≤ m − 1,
where (·)l denotes the lth power residue symbol. Then for each l ∈ L, the subgroup of
K×/WK×l generated by the classes of θ − B1, θ − B2, . . . , θ − Bm−1, and θ − A is an
elementary abelian group of rank m, where K× is the set of nonzero elements in K and
K×l = {x l | x ∈ K×}.
Proof. The proof is the same as in [9, Lemma 7]. 
The following standard lemma will be used to construct the desired subgroup of ClK .
Lemma 3. Suppose G is a finite abelian group of exponent n, and dimZ/ lZ Gn/ l ≥ r for
all l dividing n. Then G contains a subgroup isomorphic to Z/nZ⊕ · · ·⊕Z/nZ of rank r.
Proposition 4. Suppose that the irreducible polynomials p1, . . . , pm−1 and s and
polynomials B0, . . . , Bm−1, A,C, and D defined in Lemma 2 further satisfy the following
four conditions:
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(5) f (A) = Cn ,
(6) ( f ′(A),C) = 1,
(7) ( f ′(Bi ), D) = 1 for i = 1, . . . ,m − 1, and
(8) the prime at infinity is inert in K .
Then the ideal class group of OK contains an abelian subgroup isomorphic to (Z/nZ)m .
Proof. Let ClK [n] denote the set of all elements of the class group of OK whose orders
divide n. By the previous lemma, we need only show that ClK [n]n/ l has dimension at least
m over Z/ lZ for all l in L. Consider the following sequence:
(1)→ ClK
[n
l
]
i→ ClK [n] h→ K×/EK×l ,
where i is just inclusion, and the map h is defined as follows. Let a¯ denote the class of
the ideal a in ClK [n]. If a¯ ∈ ClK [n], then an = (α) for some α ∈ OK . Set h(a) = [α]l ,
where [α]l denotes the class of α in K×/EK×l . One can show that h is a well-defined
homomorphism, and the sequence above is exact.
Since the prime at infinity is inert, we know that the rank of the unit group in K is 0;
therefore the only units in K are the roots of unity. Replacing E by W in the sequence
above yields the following exact sequence:
(1)→ ClK
[n
l
]
i→ ClK [n] h→ K×/WK×l . (1)
By condition (5), we can write
f (X) = (X − A)g(X)+ Cn,
for some g(X) ∈ F[T ][X ]. Then
(θ − A)g(θ) = −Cn .
Notice that the ideals (θ− A) and (g(θ)) are relatively prime. If some prime ideal p divided
both, then
g(A) ≡ g(θ) ≡ 0 (mod p),
and C ≡ 0 (mod p). This implies that f ′(A) = g(A) ≡ 0 (mod p), contradicting condition
(6) that f ′(A) and C are relatively prime. Thus the ideal (θ − A) is an nth power, so there
exists some ideal Dm ⊂ OK with Dnm = (θ − A).
Replacing C with D above, the same argument shows that (θ − Bi ) is also an nth
power for 1 ≤ i ≤ m − 1 since f ′(Bi ) is relatively prime to D by condition (7). Set
Dni = (θ − Bi ) for 1 ≤ i ≤ m − 1. We have h(Di ) = [θ − Bi ]l for 1 ≤ i ≤ m − 1, and
h(Dm) = [θ − A]l , where [·]l denotes the class of an element in K×/WK×l . Thus Im(h)
contains the m linearly independent elements [θ − A]l , [θ − B1]l , . . . , [θ − Bm−1]l , and
so, as a vector space over Z/ lZ, then Im(h) has dimension at least m.
Since the sequence in Eq. (1) is exact,
Im(h) ∼= ClK [n]/ClK
[n
l
] ∼= ClK [n]n/ l ,
and so, ClK [n]n/ l has dimension at least m over Z/ lZ. 
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To prove Theorem 1, we will show that it is possible to choose irreducible polynomials
p1, . . . , pm−1 and polynomials B0, . . . , Bm−1, and D ∈ F[T ] so that conditions (1)–(8)
are satisfied, and f (X) is irreducible. Finally, note that the existence of infinitely many
such fields K is a consequence of the existence of one such field because of the finiteness
of the class number. See [9, pp. 32] for a proof.
3. Choosing polynomials
Let N = 2mn, and define polynomials
F0(X) = (Xn + 1)(X2m−1n + 1),
Fi (X) = X2m−i−1n + 1 for 1 ≤ i ≤ m − 2, and
Fm−1(X) = Xn − 1.
Note that F0(X) · · · Fm−1(X) = X N − 1. Set µi = deg(Fi ), and observe that
µ0 > · · · > µm−1,
and
∑m−1
i=0 µi = N . Denote by Fi (X, Y ) the homogeneous polynomial defined by Fi (X):
Fi (X, Y ) = Yµi Fi
(
X
Y
)
∈ F[T ][X, Y ].
Lemma 5. There exist infinitely many irreducible polynomials s ∈ F[T ] with |s| ≡ 1
(mod m0N) and for which there exists some w ∈ F[T ] with(w
s
)
l
6= 1, and
(
(w + 1)m − 1
s
)
N
= 1
for all primes l dividing n.
Proof. The proof is the same as in [9, Lemma 8]. 
By Lemma 5, we can choose w ∈ F[T ] and an irreducible polynomial s satisfying
|s| ≡ 1 (mod m0N ),(w
s
)
l
6= 1, and(
(w + 1)m − 1
s
)
N
= 1.
Notice thatm0n0 | m0N , so s satisfies the hypothesis of Lemma 2 that |s| ≡ 1 (mod m0n0).
Since
(
(w+1)m−1
s
)
N = 1, there exists some z ∈ F[T ] with
zN ≡ (w + 1)m − 1 (mod s). (2)
Because |s| ≡ 1 (mod 4), there also exists some y ∈ F[T ] with
ynN ≡ −1 (mod s). (3)
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Let Φ denote the Euler phi function for polynomials. Choose distinct monic, irreducible
polynomials p1, . . . , pm−1 6= s such that
|pi | ≡ 1 (mod m0n0)
and Φ(pi ) > 4. We can then choose primitive roots gi (mod pi ) such that
g2i − (m − 2)gi − 1 6≡ 0 (mod pi ). (4)
Let ζ be a primitive (q − 1)st root of unity in F, and let r be in F such that rn = −ζ/2.
As (n, q − 1) = 1, every element of F is an nth power in F, hence such an r exists. In
addition, since (−ζ/2) q−1g = 1 in F by the assumption in Theorem 1, −ζ/2 is an mth
power in F by Lemma 10 in Section 5. Therefore, we can choose η ∈ F to be an mth root
of −ζ/2, that is ηm = rn .
Choose A ∈ F[T ] with
A ≡
{
ηg−1i (mod pi ), for 1 ≤ i ≤ m − 1
ηw (mod s).
(5)
Let t be any sufficiently large positive integer with q t ≡ 1 (mod N ). Such a t must exist
since (q, N ) = 1. Let u be a primitive mth root of unity. Choose irreducible polynomials
h1, . . . , hm−1 with
h j ≡

u j F j (1)
g−1i + 1
(mod pi ), j 6= i
u j F j (1)
g−1i + gi
(mod pi ), j = i
u j F j (z, yn)
w + 1 (mod s),
(6)
and deg(hi ) = nt for 1 ≤ i ≤ m − 1. Note that the denominators above are relatively
prime to the moduli because Φ(pi ) > 4 for each i with 1 ≤ i ≤ m − 1 and
(
w
s
)
l 6= 1.
We can choose such polynomials h1, . . . , hm−1 by the strong version of Dirichlet’s
Theorem for function fields (see [11, page 40]) which asserts that in any arithmetic
progression, there exist irreducible polynomials of each large degree. Since q t ≡ 1
(mod N ), it follows that |h j | ≡ 1 (mod N ) for 1 ≤ j ≤ m − 1. Let H be a polynomial
in F[T ] of degree mt such that Hn ≡ 1 (mod p1 · · · pm−1s). Again, such a choice of H is
possible by Dirichlet’s Theorem for sufficiently large t . Define
h0 = h−11 · · · h−1m−1Hn . (7)
Then as a rational function, deg(h0) = −(m − 1)nt + mnt = nt .
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Let S,V,U be the sets of polynomials S, V , and U , respectively, which satisfy:
S ≡ V ≡ U ≡ 1 (mod p1 · · · pm−1),
S ≡ 1, V ≡ y,U ≡ z (mod s),
S 6≡ 0, V ≡ 1, Fi (U ) ≡ 0 (mod hi ), 1 ≤ i ≤ m − 1,
S ≡ 0 (mod H),
V ≡ 0 (mod H).
(8)
By the Chinese Remainder Theorem, S and V are infinite. To see that U is also infinite,
we just need to show that Fi (U ) ≡ 0 is solvable modulo hi . But this follows from the fact
that |hi | ≡ 1 (mod N ). Because all the N th roots of unity are contained in F[T ]/hiF[T ],
X N − 1 factors into linear factors mod hi , and therefore so does Fi (X).
Now we are ready to define B0, . . . , Bm−1, D, and C . Given any S0, . . . , Sm−1 ∈ S,
V ∈ V , and U ∈ U , for 1 ≤ i ≤ m − 1, let v = n deg(V ), and set
B0 = A − ηh−10 Sv0 F0(U, V n)
Bi = A + ηuih−1i Svi Fi (U, V n)
D = r H−1V N
m−1∏
i=0
Sv/ni
C = r H−1U N/n
m−1∏
i=0
Sv/ni .
(9)
Notice that B0, C , and D are in F[T ] since H | Si . To see that Bi is in F[T ] as well for
1 ≤ i ≤ m − 1, note that by Eq. (8), hi | Fi (U, V ):
Fi (U, V ) = Vµi Fi
(
U
V
)
≡ Fi (U ) ≡ 0 (mod hi ).
4. Verification of divisibility conditions
Lemma 6. For any S0, . . . , Sm−1 ∈ S, V ∈ V , and U ∈ U , conditions (1)–(5) in Lemma 2
and Proposition 4 are satisfied.
Proof. Since u is a primitive mth root of unity, we have that (−u0)(−u1)(−u2) · · ·
(−um−1) = −1, so (−u1)(−u2) · · · (−um−1) = 1. Recall that we have ηm = rn . Thus
we have the following:
f (A) =
m−1∏
i=0
(A − Bi )+ Dn
= (−u1)(−u2) · · · (−um−1)
m−1∏
i=0
ηh−1i S
v
i Fi (U, V
n)+ Dn
= ηm
(
m−1∏
i=0
Svi
)
H−n(U N − V nN )+ Dn
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= rnH−n
(
m−1∏
i=0
Svi
)
(U N − V nN )+ Dn
= Cn − Dn + Dn
= Cn,
so (5) is satisfied.
For (1)–(4), first observe that the following congruences follow from Eqs. (2), (3) and
(5)–(9) and the definition of h0:
B0 ≡
{
ηg−1i (mod pi )−η (mod s)
B j ≡
−ηgi (mod pi ), i = j−η (mod pi ), i 6= j for 1 ≤ i ≤ m − 1−η (mod s)
Dn ≡
{
rn (mod pi )
−rn (mod s).
(10)
It is now not hard to see that conditions (1)–(4) in Lemma 2 hold. For example, since
ηm = rn , we see that (1) is satisfied since
f (0) ≡ (−1)mB0B1 · · · Bm−1 + Dn
≡
{
(−1)m(g−1i )(−gi )(−1)m−2ηm + rn ≡ −rn + rn ≡ 0 (mod pi )
(−1)m(−1)mηm − rn ≡ rn − rn ≡ 0 (mod s).
Condition (2) follows from Eqs. (4) and (10):
f ′(0) =
m−1∑
k=0
m−1∏
j=0
j 6=k
(−B j )
≡ (−1)m−1
m−1∏
j=1
B j +
m−1∏
j=0
j 6=i
B j +
m−1∑
k=1
k 6=i
m−1∏
j=0
j 6=k
B j
 (mod pi )
≡ (−1)m−1
(−1)m−2(−gi )ηm−1 + (−1)m−2g−1i ηm−1
+
m−1∑
k=1
k 6=i
(−1)m−2ηm−1
 (mod pi )
≡ (−1)m−1(−1)m−2ηm−1[−gi + g−1i + m − 2] (mod pi )6≡ 0 (mod pi ).
f ′(0) =
m−1∑
k=0
m−1∏
j=0
j 6=k
(−Bk) ≡
m−1∑
k=0
ηm−1 ≡ ηm−1m 6≡ 0 (mod s).
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For condition (3), we first note that η is an lth power; recall that since n and q − 1 are
relatively prime, every element of F is an nth power, and therefore an lth power as well.
The first part of condition (3) thus follows from Eq. (10) as clearly −ηgi is not an lth
power. For the second part, Eq. (10) implies that for i 6= j , ( Bip j )l = (−ηp j )l = 1. Finally,
for condition (4),
( Bi
s
)
l =
(−η
s
)
l = 1 by Eq. (10). The fact that
( A
s
)
l 6= 1 follows from Eq.
(5) and Lemma 5. 
We can choose S0, . . . , Sm−1, V and U more specifically so that conditions (6) and (7)
are also satisfied. For ease of notation, let
si = uih−1i Svi ,
for 0 ≤ i ≤ m − 1. Define polynomials
Gi (X, Y ) =
m−1∏
j=0
j 6=i
s j F j (X, Y )
m−1∏
0≤ j<k≤m−1
j,k 6=i
[skFk(X, Y )− s j F j (X, Y )]
for 1 ≤ i ≤ m − 1
H1(X) =
∏
0≤i< j≤m−1
[s j F j (X, 0)− si Fi (X, 0)]
×
∏
0≤e j≤v(0≤ j≤m−1)
∅6=I⊂{1,...,m−1}
[∏
i∈I
[si Fi (X, 0)− s0F0(X, 0)]2 −
m−1∏
j=0
S
2e j
j
]
H2(X) =
m−1∑
i=0
m−1∏
j=0
j 6=i
s j F j (0, X).
The following lemma can be proved in a similar way as [9, Lemma 10].
Lemma 7. If for S0, . . . , Sm−1 ∈ S, V ∈ V , and U ∈ U , we further have that
Gi (U, V ) 6≡ 0 (mod Si ),
H1(U ) 6≡ 0 (mod V ), and
H2(V ) 6≡ 0 (mod U ),
(11)
then B0, . . . , Bm−1,C, and D parametrized by S0, . . . , Sm−1, V , and U also satisfy
conditions (6) and (7) in Proposition 4, and f (X) is irreducible.
It remains to show that we can, in fact, choose primes S0, . . . , Sm−1, V , and U with
Gi (U, V ) 6≡ 0 (mod Si ),
H1(U ) 6≡ 0 (mod V ), and
H2(V ) 6≡ 0 (mod U ).
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Let P = p1 · · · pm−1sh1 · · · hm−1. Given S0 ∈ S such that deg(S0) > deg(P) and
deg(S0) >
(deg(A)+nt−vµm−1)
v
, choose polynomials Si in S, 1 ≤ i ≤ m − 1, with
deg(S1) = deg(S0)+ (1+ 2m−2)n and (12)
deg(Si+1) = deg(Si )+ 2m−i−2n for i = 1, . . . ,m − 2. (13)
Set
U(S0) =
{
U ∈ U | |Sm−1| < |U | < qm+1|S0|
}
, and
V(S0) =
{
V ∈ V | qm+1|S0| < |V | < qm+3|S0|
}
.
We claim that as |S0| → ∞, |V(S0)|, |U(S0)| → ∞. By the function field version of
the Tchebotarev Density Theorem,
#{V ∈ V(S0) | deg(V ) = x, V ≡ a (mod P)} ∼ q
x
Φ(P)x
,
for any fixed a ∈ Fq [T ] with (a, P) = 1. As |S0| increases, the interval containing |V |,
which has length |S0|(qm+3 − qm+1), increases as well. It follows that |V(S0)| → ∞ as
|S0| → ∞. A similar argument can be used for U(S0). Since |Sm−1| = qm−1|S0|, the
interval containing U has length |S0|(qm+1 − qm−1) which also goes to∞ with |S0|.
Lemma 8. For sufficiently large S0 ∈ S, there exist V ∈ V(S0) and U ∈ U(S0) which
satisfy the conditions in Eq. (11).
Proof. The proof is very similar to [9, Lemma 11]. 
5. The infinite prime
In this section we prove that the prime at infinity is inert in K . We use the following two
lemmas. Lemma 9 is found in [5, Ch VIII, Theorem 9.1], and Lemma 10 can be verified
easily.
Lemma 9. Let k be a field, l an integer ≥ 2, and a ∈ k, a 6= 0. Assume that for any prime
P with P | l, we have a 6∈ kP , and if 4 | l, then a 6∈ −4k4, where kP = {x P | x ∈ k} and
k4 = {x4 | x ∈ k}. Then x l − a is irreducible in k[x].
Lemma 10. For a given positive integer d, a ∈ F∗ is a dth power of some element in F if
and only if a
q−1
g = 1 in F, where g = (q − 1, d).
We first notice that B0, . . . , Bm−1 each have the same degree:
deg(B0) = − deg(h0)+ v deg(S0)+ µ0n deg(V )
= − deg(h1)+ v(deg(S1)− (1+ 2m−2)n)+ (n + 2m−1n)v
= − deg(h1)+ v deg(S1)+ µ1n deg(V )
= deg(B1).
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deg(Bi+1) = − deg(hi+1)+ v deg(Si+1)+ µi+1n deg(V )
= − deg(hi )+ v(deg(Si )+ 2m−i−2n)+ 2m−i−2nv
= − deg(hi )+ v deg(Si )+ µin deg(V )
= deg(Bi ) for i = 1, . . . ,m − 3.
deg(Bm−1) = − deg(hm−1)+ v deg(Sm−1)+ µm−1n deg(V )
= − deg(hm−2)+ v(deg(Sm−2)+ n)+ n2 deg(V )
= − deg(hm−2)+ v deg(Sm−2)+ µm−2n deg(V )
= deg(Bm−2).
We also observe that
deg(Dn) = deg(B0)+ deg(B1)+ · · · + deg(Bm−1). (14)
Proposition 11. The prime at infinity is inert in K , that is, condition (8) in Proposition 4
is satisfied.
Proof. Let β = deg(Bi ) for i = 0, 1, . . . ,m − 1. Write
f (X) =
m−1∏
i=0
(X − Bi )+ Dn
= Xm − σ1Xm−1 + · · · + (−1)m−1σm−1X + (−1)mσm + Dn,
where
σ j = σ j (B0, B1, . . . , Bm−1) =
∑
0≤i1<i2<···<i j≤m−1
Bi1Bi2 · · · Bi j
is the j th elementary symmetric polynomial in the indeterminates B0, B1, . . . , Bm−1. Then
deg(σ1) = deg(B0 + B1 + · · · + Bm−1) < β
since the sum of the leading terms of (B0+· · ·+ Bm−1) is η(1+u+u2+· · ·+um−1) = 0.
Similarly, we have deg(σi ) < iβ for each i = 1, 2, . . . ,m − 1.
Substituting XT β for X in f (X) = 0, we have that
f (XT β) = TmβXm − σ1T (m−1)βXm−1 + σ2T (m−2)βXm−2 + · · ·
+ (−1)m−1σm−1T βX + ((−1)mσm + Dn) = 0.
Dividing both sides of the previous equation by Tmβ , we have that
f˜ (X) = Xm −
( σ1
T β
)
Xm−1 +
( σ2
T 2β
)
Xm−2 + · · · + (−1)m−1
( σm−1
T (m−1)β
)
X
+ ((−1)
mσm + Dn)
Tmβ
= 0.
By Kummer’s Criterion [3, Theorem 23], to show that the prime at infinity P∞ is inert
in K , it suffices to show that f˜ (X)mod ( 1T ) is irreducible over F. Since deg (σi ) < iβ for
i = 1, 2, . . . ,m, it follows that σi
T iβ
≡ 0 mod ( 1T ) for i = 1, 2, . . . ,m. Thus f˜ (X) ≡ Xm+
((−1)mσm+Dn)
Tmβ
mod ( 1T ). The leading coefficient of σm is (−η)(ηu1)(ηu2) · · · (ηum−1) =
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−ηm(u1u2 · · · um−1) = (−1)mηm since (−u1)(−u2) · · · (−um−1) = 1; so the leading
coefficient of (−1)mσm is ηm = rn . In fact, from Eq. (14) we have deg(Dn) =
mβ = deg(σm), and the leading coefficient of Dn is rn . We hence have f˜ (X) ≡
Xm + 2rn mod ( 1T ). It thus suffices to show that Xm + 2rn is irreducible over F. By
Lemmas 9 and 10, we only need to show that the following two conditions hold, where
P1, . . . , Pt are the distinct primes dividing m:
(i) −2rn 6∈ FPi for every i = 1, 2, . . . , t .
(ii) 2rn 6∈ 4F4 if 4 | m.
We recall that r is chosen so that −2rn = ζ . We thus have that −2rn = ζ 6∈ FPi . This
follows because if ζ ∈ FPi , then since Pi | (q − 1), we would have that ζ
q−1
Pi = 1. This is
a contradiction since ζ is a primitive (q − 1)st root of unity in F.
For (ii), it suffices to show that −ζ 6∈ 4F4. Assume 4 | m. As ζ is a primitive (q − 1)st
root of unity in F, ζ
q−1
4 6= 1. Therefore, ζ is not a fourth power in F by Lemma 10.
Suppose, for contradiction, that −ζ ∈ 4F4. Since q ≡ 1(mod 8), it is easy to see that −1
is a fourth power in F and 4 is a fourth power in F. Hence, ζ must be a fourth power in F,
a contradiction. Condition (ii) thus follows.
It therefore follows that Xm + 2rn is irreducible over F by Lemma 9, and the prime at
infinity is inert as desired. 
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